We investigate the influence of Asymptotic Giant Branch stars on integrated colours of star clusters of ages between ∼100 Myr and a few gigayears, and composition typical for the Magellanic Clouds. We use state-of-the-art stellar evolution models that cover the full thermal pulse phase, and take into account the influence of dusty envelopes on the emerging spectra. We present an alternative approach to the usual isochrone method, and compute integrated fluxes and colours using a Monte Carlo technique that enables us to take into account statistical fluctuations due to the typical small number of cluster stars. We demonstrate how the statistical variations in the number of Asymptotic Giant Branch stars and the temperature and luminosity variations during thermal pulses fundmentally limit the accuracy of the comparison (and calibration, for population synthesis models that require a calibration of the Asymptotic Giant Branch contribution to the total luminosity) with star cluster integrated photometries. When compared to observed integrated colours of individual and stacked clusters in the Magellanic Clouds, our predictions match well most of the observations, when statistical fluctuations are taken into account, alhough there are discrepancies in narrow age ranges with some (but not all) set of observations.
Introduction
Stars of moderate mass, between approximately 1 and 8 M ⊙ , spend less than 1 percent of their lifetime in the phase of doubleshell (H-and He-) burning, generally called the Asymptotic Giant Branch (AGB) phase, after exhaustion of central heliumburning and before turning into white dwarfs. For an even shorter fraction of their nuclear life, of order 10 −3 , they experience the thermal pulses (TP-AGB phase), during which temperature and brightness vary significantly on timescales of a few thousand years. On the other hand, in these evolutionary stages they are much brighter than they were on the main-sequence (MS): stars of intermediate mass (≈ 2 − 2.3 · · · 6 − 8 M ⊙ ) that do not develope electron degenerate He-cores after the MS (the exact mass range depending on the initial chemical composition and treatment of core convection) have a bolometric luminosity larger by a factor of up to 100 compared to the MS turn-off. For lowmass stars the difference is even larger. However, for the latter the difference between the TP-AGB luminosity and that on the tip of the Red Giant Branch (RGB) is closer to a factor of only 10. Since AGB stars are also much cooler than MS stars of comparable mass, they may completely dominate the IR integrated light of a stellar population. The integrated red magnitudes and colours of a single-age stellar population will be dominated by AGB-stars at an epoch when intermediate mass stars have reached this evolutionary stage. At earlier times massive stars dominate, but they contribute much less in the red, because they increase their brightness relatively moderately in post-MS phases and spend a much larger fraction in the blue, anyway. At later times low-mass stars reach the AGB, but here the longer-lived RGB stars dominate the IR output, and thus the importance of the AGB stars is reduced. The age range, during which intermediate-mass AGB stars are significant for the integrated spectrum, is therefore between ∼100 Myr and ∼1Gyr, varying somewhat with metallicity. This has been demonstrated frequently (Lançon & Mouhcine 2000; Bruzual & Charlot 2003; Maraston 2005; Zhang et al. 2013; Into & Portinari 2013) in models of population synthesis (see, for example, Marigo et al. 2010 , for a recent review).
In a broader context, the correct prediction of the IR integrated flux of a stellar population is crucial, for example, to disentangle the age-metallicity degeneracy in integrated colours of unresolved stellar populations (see, e.g., Anders et al. 2004; James et al. 2006) , and determine stellar masses of high-redshift objects (see, e.g. Maraston 2005 ).
New fully evolutionary AGB stellar models for moderatemass stars, which treat the effects of nucleosynthesis and mixing of carbon on stellar effective temperatures and mass loss consistently, are now available (Weiss & Ferguson 2009, hereinafter WF09) , and in a recent paper (Cassarà et al. 2013, Paper I) we have presented new population synthesis models where the contribution of AGB-stars to integrated spectra and colours A&A proofs: manuscript no. AGB made use of these AGB calculations 1 . In the same Paper I, the reprocessing of stellar light by the dusty circumstellar shell, as obtained from the stellar models, was taken into account by a library of spectral energy distribution (SED) models for such cases. In doing so, we could investigate the role of dust in models of population synthesis for intermediate age populations (see, e.g, Piovan et al. 2003; Marigo et al. 2008 , for earlier works on this subject). Paper I was the first attempt, to date, to include fully evolutionary AGB calculations in the predictions of integrated spectra of stellar populations. The standard approach is to include instead simplified treatments of the AGB phase (Maraston 2005) , or synthetic AGB calculations (see, e.g., Marigo et al. 2008) .
However, in several aspects Paper I remained restricted to conventional assumptions and procedures. First, a preexisting widely used set of isochrones (Bertelli et al. 1994 ) is employed for the pre-AGB phase, and the AGB part is attached after appropriate T eff and bolometric luminosity shifts, to ensure continuity. This procedure destroys in principle the self-consistency of the AGB calculations; just as an example, the mass loss rates depend on the model luminosity and T eff , and shifting the tracks would require rates different from the ones actually used, thus a different AGB evolution. Besides this intrinsic inconsistency, the contribution of the AGB (calculated from the shifted tracks) to the integrated flux can be potentially significantly different from what predicted by the original AGB calculations. We notice here that shifts in T eff and luminosity of existing AGB calculations to match pre-AGB models and/or satisfy empirical constraints, are adopted also in other population synthesis models, like the Flexible Stellar Population Synthesis model by Conroy & Gunn (2010) .
Second, the TP-AGB portion of the tracks is pre-smoothed to eliminate the complicated and irregular loops in the T eff -L plane, and allow a simple interpolation when calculating the full isochrones. This is similar to reducing the TP-AGB phase to the evolution during quiescent H-shell burning as usually done when synthetic AGB models (that nowadays can also take into account the detailed varition of luminosity and sometimes also T eff along the pulse cycles, see i.e. Izzard et al. 2004; Marigo & Girardi 2007) are implemented in the calculation of integrated spectra of stellar populations (see Marigo et al. 2008 , for an example), although the (generally small) contribution of the He-shell burning on the timescales is retained.
Third, the distribution of stars along the AGB is computed according to an analytical integration of the initial mass function (IMF). This is certainly appropriate (in the approximation of smooth TP-AGB tracks) for well populated massive galaxies, e.g., in case of a well sampled AGB sequence, but it is well known that for stellar clusters and low-mass galaxies the number of AGB stars can be so low that statistical fluctuations of AGB-dominated magnitudes become important (Chiosi et al. 1988; Frogel et al. 1990; Santos & Frogel 1997; Bruzual 2002; Bruzual & Charlot 2003; Ko et al. 2013) . This is relevant when taking into account that tests and calibrations of AGB calculations (evolutionary or synthetic) are typically performed on star clusters of the Magellanic Clouds.
In this study we investigate the effects of these three ingredients of the standard approach to include the AGB phase in stellar population synthesis models followed in Paper I. To this purpose we extend WF09 calculations to models with masses below 1M ⊙ (the lower limit of WF09 computations), to calculate self-1 Both WF09 AGB evolutionary models and the population synthesis models of Paper I are available upon request consistent isochrones for the pre-AGB evolution. We also provide extended tests of the accuracy of integrated magnitudes obtained from WF09 calculations -using several sets of data suitable for testing predicted integrated magnitudes/colours that are dominated by AGB stars-and study the differences with selected integrated colours predicted in Paper I and by other population synthesis models in the literature. Our approach is the following. We use the AGB evolutionary tracks and all spectral libraries of Paper I, restricted, however, to two metallicities, Z = 0.004 and 0.008, appropriate for most of the SMC and LMC clusters, that are used to test/calibrate AGB models. Section 2 presents a brief discussion of the models, introduces the extension of WF09 calculations to low-mass stars, and describes a new Monte Carlo (MC) based approach to calculate the resulting integrated photometric properties, taking into account the oscillatory behaviour of stellar parameters during the TPs. Section 3 discusses the effect of statistical fluctuations on magnitudes/colours dominated by the AGB contribution, and evaluates the effect on IR integrated magnitudes of smoothing the TP-AGB tracks and shifting AGB models to match different sets of pre-AGB isochrones as in Paper I. We also compare predictions for selected colours with independent models in the literature. Section 4 compares our predictions with several observational data, taking into account the effect of statistical fluctuations, followed by Sect. 5 that closes the paper with our conclusions.
Models
We discuss briefly here the libraries of stellar models and spectra employed in our analysis.
Stellar models and tracks
We used the same stellar models and evolutionary tracks for stars between 1.0 and 6.0 M ⊙ as in Paper I. Details about the physical assumptions and the properties of these models can be found in Kitsikis (2008) and WF09. Here we only recall that in addition to up-to-date nuclear reaction rates and equation of state, tables of Rosseland mean opacities for the full temperature and density range were used that take into account not only changes in hydrogen, helium, and overall metallicity, but also the individual variations of carbon and oxygen. The abundances of these elements change in the stellar envelope and atmosphere as a result of the dredge-ups (the third dredge-up is achieved in the stellar model calculations by including overshooting from the Schwarzschild boundaries of the convective regions) and, 'when efficient', the hot-bottom burning during the TP-AGB phase. The opacity tables were obtained from the OPAL website 2 (Iglesias & Rogers 1996) for high temperatures, and were prepared specifically for low temperatures using the code by Ferguson et al. (2005) , that considers both molecular and dust opacities. Overshooting was treated with a diffusion formalism as described in Weiss & Schlattl (2008) , where also other details about the stellar evolution code can be found.
As a consequence of carbon-enrichment, the envelope opacities tend to increase, leading to lower effective temperatures, which result in an increase of mass loss. This was accounted for using theoretical mass loss rates for for carbon-rich envelope compositions (Wachter et al. 2002) , and empirical rates for oxygen-rich compositions (van Loon et al. 2005 ). The result is a self-consistent treatment of the effects of the third dredge-up Table 1 . Stellar lifetimes (in Myr) of the models used in this paper. Columns 2-5 and 7-10 give the duration of the central hydrogen burning, RGB, core-He burning, and early AGB phases, respectively, for the two chemical compositions. The last columns of each metallicity group summarize the age τ at the beginning of the TP-AGB. and a superwind-like shedding of the stellar envelopes, that terminates the AGB and leads to the post-AGB phase. Such treatment has by now become standard, and similar models have meanwhile been published by Ventura & Marigo (2010) and Karakas et al. (2010) . We have used here only two out of the 10 chemical mixtures for which WF09 provide evolutionary tracks, with compositions characteristic for the LMC and SMC: Z = 0.008 ([Fe/H]=−0.35) and 0.004 ([Fe/H]=−0.66), both with initial solar metal ratios, our solar reference being Grevesse & Noels (1993) . Table 1 summarizes the lifetimes of all models in various evolutionary stages, as well as the age when they reach the TP-AGB phase. This age will become important in the context of our isochrone construction in Sect. 2.3. To compute integrated fluxes, we extended this grid with additional models for masses 0.5 · · · 1.0 M ⊙ in steps of 0.1 M ⊙ , but only until the end of the RGB. As explained in the next section, in contrast with the procedure in Paper I, where the AGB-tracks were merged with the pre-existing and independent library of Bertelli et al. (1994) , in the present paper we use exclusively these tracks, all being computed with the same version of the Garching Stellar Evolution code (Weiss & Schlattl 2008) . This implies that we can consider the effect of AGB stars on integrated colours only for ages within the range of τ given in Table 1 , i.e. between approximately 60 Myr and 4-5 Gyr (log(t) between ∼8.8 and 9.6-9.7).
Library of dusty spectra
For any set of stellar parameters (photospheric composition, T eff , log g,Ṁ) the emerging spectrum was calculated in two steps: First, a stellar spectrum was constructed using a number of published libraries appropriate for the various evolutionary stages and T eff -ranges (Bessell et al. 1989 (Bessell et al. , 1991 Fluks et al. 1994; Allard & Hauschildt 1995; Lejeune et al. 1998 , see Paper I for details). The effect of the new AGB models on dust-free stellar spectra for "simple stellar populations" (SSPs) was presented in Paper I, Sect. 5.1. In general, colours are redder compared to models that do not take into account the enrichment of the convective envelope with carbon, due to the lower effective temperatures of the models. Also the UV-flux can be increased because of changes in the post-AGB stellar mass and transition times compared to older AGB calculations.
In the second step, the stellar spectrum was mapped into an observed spectrum by calculating for the AGB models the effect of crossing the surrounding dusty envelopes. This was done by computing the radiative transfer using a library of pre-compiled spherical circumstellar envelopes. The library uses as input parameters L, T eff ,Ṁ, the C/O-ratio, and the remaining overall surface metallicity, from which, following Eq. (14) of Paper I and the details given in Sect. 6 of that paper, the wavelengthdependent optical depth τ λ , the dust composition and the extinction coefficients are calculated. This resulted in the spectral energy distribution after crossing the shell. Details of this approach, based on Elitzur & Ivezić (2001) , were developed in Piovan et al. (2003) . For the computation of the dusty-envelope library a modified version of the radiative transfer code DUSTY (Ivezic & Elitzur 1997, v. 2.06 ) was used. More details as well as a discussion of the theoretical spectra of dust-enshrouded Oand C-stars, and their effect on on colour-magnitude-diagrams and integrated colours of stellar populations are given in Paper I. In the rest of the paper -unless otherwise specified -we will make use of results obtained employing AGB spectra with dust.
Calculation of isochrones and integrated spectra
We followed an alternative approach to calculate integrated spectra, magnitudes and colours of SSPs, that include the full TP-AGB phase, compared to the standard one, used, for example, in Paper I. This standard method envisages first the computation of an isochrone for a given age and initial chemical composition, that covers all evolutionary stages from the MS to the end of the AGB phase. Then a spectrum is assigned to each point along the isochrone, making use of model atmosphere calculations (or empirical spectral libraries). These individual spectra are then summed up by weighting the contribution of the individual points along the isochrone -each point corresponds to a value of the initial stellar mass evolving at that stage -according to the chosen IMF.
The calculation of TP-AGB isochrones are however complicated by the following two issues: -The extremely short evolutionary timescales along the AGB (and in particular along the TP-AGB) phase, negligible compared to the lifetime until the end of central He burning, and comparable to the duration of the star formation episode. Any given isochrone age is therefore an idealization, and stars on the TP-AGB can be in any phase of pulse episodes. of Fig. 1 . We emphasize that the irregularity in the tracks shown arise mainly from that in the evolution of T eff , resulting from the complex interplay between a changing surface composition, opacities, mass-loss, and induced structural changes. Luminosities, in contrast, behave much more regular, as shown in Fig. 2 . Notice how both models (1.6 and 1.8M ⊙ , Z=0.008) do reach similar minimum T eff along the AGB. The detailed T eff evolution is the result of the complicated interplay between opacities, surface C/O ratio, initial mass and mass loss, but in general the two tracks attain similar T eff for similar actual mass and surface C/O ratio. When the C/O ratio reaches values around 2, the opacity becomes less sensitive to these abundances and at the end of the TP-AGB phase -both models having almost the same actual mass-in spite of different surface C/O ratios (∼2.5 vs ∼ 2.0, the larger value for the model with initial mass equal to 1.6M ⊙ ) the final T eff is essentially the same.
To avoid potential spurious effects due to interpolations amongst the AGB phase of our adopted model grid, we proceeded as follows:
-For a fixed initial chemical composition and age, we calculated isochrones from the MS to the end of the early-AGB (E-AGB) using the methods described in Prather (1976) , Bergbusch & VandenBerg (1992) , and Pietrinferni et al. (2004) . Each isochrone is made of 1300 points. The E-AGB phase comprises 200 points. Isochrones were calculated for ages equal to the lifetime at the beginning of the AGB phase of the set of computed AGB tracks (τ in Table 1 ). -We took the evolutionary track of the mass whose lifetime at the beginning of the AGB phase corresponds to the age of the corresponding isochrone, as being representative of the isochrone AGB.
We call this composite sequence the evolutionary HRD of an SSP, and have therefore calculated evolutionary HRDs only for ages corresponding to the TP-AGB age of the masses in our grid. We did not consider intermediate values of the age, because this requires an interpolation in mass amongst TP-AGB tracks. In principle this interpolation should be avoided because of the extremely short timescales and the wide loops in the HRD during the TP-AGB phase, with no regular pattern at varying massespecially for the lower masses -that would potentially cause a large uncertainty in the HRD evolution of the interpolated track. This becomes evident when considering the underlying idea of equivalent evolutionary points (Prather 1976; Pietrinferni et al. 2004 ) for the usual isochrone strategy.
Given the hybrid nature of our evolutionary HRDs, and the aim of determining the fluctuations of the integrated magnitudes sensitive to AGB stars, we had to resort to a non-standard way to determine the integrated flux of each SSP, that makes use of both MC simulations and analytical flux integrations:
-At a given chemical composition, for each age we calculated synthetic HRDs of both E-AGB (the reason for including also the E-AGB phase is explained below) and TP-AGB phase. Given that these phases are represented by the evolutionary track of a single mass, the synthetic HRD has been calculated by drawing randomly age values within the range covered by the full AGB phase, with a uniform probability distribution. Interpolation in age along the track provided the HRD location of a representative synthetic AGB object. For each age and chemical composition we computed five sets of 100 realizations of the representative AGB, for numbers of stars equal to 10, 30, 100, 300 and 1000, respectively. Examples of MC HRDs of the AGB phase are shown in Fig. 3 . For each realization and each number of TP-AGB objects, we calculated the integrated fluxes by simply adding up the spectra of each synthetic star. -We integrated the fluxes analytically along the corresponding isochrones from the MS to the end of central He-burning, using a Kroupa IMF (Kroupa 2001 ).
-The choice of the IMF integration constant has been tied to the number of stars along the corresponding TP-AGB phase, as follows. There is a region of overlap between the MC simulations and the isochrones, that is the E-AGB phase. From each MC simulation of the AGB, we determined the number of E-AGB objects, to compare with the number of E-AGB stars predicted by the analytical integration along the isochrone with the Kroupa IMF. The IMF integration constant was therefore obtained by imposing that the integration along the E-AGB part of the isochrone yields the same number of stars of the corresponding MC simulation. The integrated flux from the main sequence to the end of the TP-AGB phase was finally computed by summing up the integrated flux from the E-AGB + TP-AGB MC simulation, and the flux from the isochrone integration until the end of central He-burning. -With the IMF integration constant fixed, we determined also the total evolving mass of the SSP -stellar mass excluding remnants like white dwarfs, neutron stars and black holesfor each number of AGB stars in the MC simulations. Masses below 0.5M ⊙ and down to 0.1M ⊙ , are assumed to contribute only to the total mass budget, but not to the fluxes. As a rough guideline, for our two selected metallicities and age ranges, 10, 100 and 1000 AGB objects correspond to ≈ 10 4 −10 5 M ⊙ , ≈ 10 5 −10 6 M ⊙ and ≈ 10 6 −10 7 M ⊙ of evolving stars, respectively (the exact values depend on age and initial chemical composition).
This whole procedure to calculate integrated fluxes was repeated again using the same AGB tracks but with the L-T eff evolution with time smoothed as discussed in Sect. 3.2 of Paper I, and shown in Fig. 4 . These smooth versions of the tracks (that preserve the correct evolutionary timescales of the original calculations) are calculated using an analytical fit to the original track by employing second order polynomials. Notice how in the example displayed in Fig. 4 , the smooth track differs from the original one also during the E-AGB phase. In other cases the E-AGB evolution is almost unchanged. These smooth tracks will be employed in the next section to assess quantitatively the impact of this procedure on the resulting integrated magnitudes.
Theoretical predictions
We begin the presentation of our results by discussing the contribution of the AGB to the integrated K-band magnitude -de-
-of SSPs (we chose the 2MASS K s -band, Skrutskie et al. 1997 ). This quantity is very sensitive to the AGB (see, for example, Marigo et al. 2011 ) and is frequently used as a standard diagnostics of AGB calculations (e.g. Mucciarelli et al. 2006; Ko et al. 2013) . Table 2 summarizes the mean values obtained for our MC calculations at Z = 0.004 and Z = 0.008. We stress again that the population ages are determined by the underlying mass for which the AGB evolution was calculated (Sect. 2.3), and therefore are slightly different for the two representative mixtures. The spreads around the mean values were determined from the 1σ-ranges of the 100 MC simulations for each case.
The maximum contribution of AGB stars to the total K-band luminosity happens around an age t=1.19 Gyr (log(t)∼9.08) for Z = 0.008, in agreement with, for example, the behaviour found by Marigo et al. (2010, Fig. 5) . For the case with Z = 0.004 the almost constant AGB fraction with age also agrees with results shown in Marigo et al. (2010) , but smaller variations occuring on short timescales, as visible in that paper are no longer discernible because of our restricted number of isochrone ages. The maximum of the AGB contribution to the integrated K s -band magnitude from the models is around 1.05 Gyr (log(t)∼9.04).
The effect of statistical fluctuations for small numbers of AGB stars is very evident. The mean value of L AGB K s /L tot K s at fixed age and Z is systematically lower for small samples, due to the lack of brighter (and shorter lived) AGB objects, and con-A&A proofs: manuscript no. AGB Ks ratios predicted by our MC simulations with 10, 100, and 1000 AGB stars (symbols size increasing with increasing number of stars), metallicity Z=0.008, and the whole set of available ages.
verges to a stable value only when the number of AGB stars reaches ∼100. The 1σ dispersion around the mean at fixed age and metallicity is obviously also a strong function of the number of AGB stars, decreasing with increasing number of AGB objects. The maximum of the AGB contribution is found at ages around log(t)=9.0-9.1, with a slow rise at younger ages followed by a fast drop at older ages. Figure 5 displays graphically the results for the Z = 0.008 case and the whole age range covered by our calculations. It is very evident, especially in the simulations for 10 and 100 AGB stars -as also demonstrated by the data in Table 2 -how the full range of values spanned by the MC realizations at fixed number of AGB objects is a function of age. The total spread at fixed age is larger at those ages where the mean value of L AGB K s /L tot K s is larger, that is, when the AGB contribution to the integrated luminosity in the K-band is maximized. The case with 10 AGB stars is particularly interesting because 10 (or less) is the typical number of objects populating the AGB of LMC and SMC clusters employed to test the integrated near-IR SSP colours (see, e.g., Mucciarelli et al. 2006; Noël et al. 2013) .
To delve further into this issue, we show as an example in Fig. 6 values for Z = 0.008, an age of 1.19 Gyr (log(t)=9.08, when the AGB contribution attains its maximum), and the same three values of the total number of AGB stars as in Fig. 5 . It is important to notice that for small numbers of stars the mean value (that is lower than the case of more populated AGBs) does not coincide with a pronounced maximum in the number distribution. The probability of encountering a cluster with only 10 AGB stars at any L Table 3 , that show (V − K s ) colours corresponding Table 2 . Figure 7 displays graphically the distribution of (V − K s ) colours from the MC simulations for Z = 0.008 reported in Table 3 . Notice how this colour displays a steady increase with age, for ages above log(t)∼9.1, after the AGB contribution to the K-band has dropped significantly, due to the increasing contribution of RGB stars.
The general behaviour of the statistical fluctuations is similar to the case of the L AGB K s /L tot K s ratio. For the relevant case of 10 AGB objects discussed before, the full colour range at the age when the AGB contribution is the largest (log(t)=9.08) spans ≈1 mag. Figure 8 displays the distribution of (V − K s ) colours for the same parameters as in Fig. 6 . The probability of encountering a cluster with only 10 AGB stars at any colour between 2.8-3.0 and ∼1.9 mag has again an almost flat distribution, and there is a blueward bias of ∼0.1 mag for the corresponding mean value, compared to the case of more populated AGBs.
We now compare the results obtained from the full AGB calculations, with the case of employing the smooth AGB tracks of Table 2 . Mean values of the fractional AGB contribution to the total luminosity in the 2MASS K s -band (Skrutskie et al. 1997) Paper I (see Fig. 4 ), to assess the presence of systematic effects in the contribution of the AGB to the integrated light, due to the smoothing process. To this purpose, we calculated sets of integrated magnitudes for Z = 0.004 and Z = 0.008 as described in the previous section, but employing the smooth version of WF09 AGB tracks. As expected, blue-optical filters are unaffected by the smoothing of the AGB, whereas integrated magnitudes in filters like JHK display some differences, although these are generally minor. Obviously the larger discrepancies are found at ages where the AGB contribution to the integrated light is larger, e.g. around log(t)=9.0. If we focus on the integrated magnitude in the K s -band, the mean values differ by at most ∼0.10 mag for the cases with log(t)=9.02, Z = 0.004, and log(t)=9.08, Z = 0.008, almost independent of the number of AGB stars in the MC simulations. In most cases these differences are however within a few 0.01 mag. Figure 9 displays, as an example, the number distribution of integrated K s magnitudes obtained from the original and smooth AGB tracks, for the case with log(t)=9.08 and Z = 0.008 (for both 10 and 1000 AGB stars). The difference of the mean values is 0.10 mag, smooth tracks providing brighter integrated magnitudes. In the case with 1000 stars the differences of the overall K s -band magnitude distributions are obvious; as for the samples with 10 stars, although the overall distributions seem similar (almost flat over a large magnitude range), in addition to the differences of the mean values, a KS-test returns a 99% probability that the two distributions are not the same.
The origin of these differences in the mean values of the integrated magnitudes can be traced back not to the TP-AGB phase, but to the differences along the E-AGB between the smooth analytic approximations of Paper I and the complete calculations. As shown by Fig. 4 , the smooth AGB track corresponding to log(t)=9.08 and Z = 0.008 is on average overluminous during the E-AGB phase, and this produces the different mean integrated K s magnitude. Smoothing the TP-AGB part of the evolution does not affect appreciably the final integrated magnitudes.
As for the 1σ dispersion around the mean magnitudes, it is generally only slightly reduced in case of the smooth tracks, for simulations up to 100 AGB stars. The reduction of the dispersion is enhanced when the AGB contribution peaks. To give more quantitative estimates of the maximum expected reduction, populations of 1000, 100 and 10 objects display 1σ dispersions equal to ∼0.03, 0.10 and 0.30 mag for log(t)∼9.0, respectively, but almost independent of age and Z. These are reduced by ∼0.02 and ∼0.05-0.10 mag for the case of 100 and 10 AGB stars respectively, when smooth models are employed.
We conclude this section by comparing selected integrated optical and IR colours we obtained with WF09 calculations for both AGB and pre-AGB phases (we display the full set of MC simulations with 1000 stars for each age), with the results of Paper I, and with the predictions by Maraston (2005) based on the fuel consumption theorem formalism, Marigo et al. (2008) , who made use of sophisticated synthetic AGB calculations, and finally "BaSTI TP-AGB extended" (Percival et al. 2009 , the set that includes MS convective core overshooting), that employ the synthetic AGB treatment described by Cordier et al. (2007) . Figure 10 displays the various predictions as a function of age for Z = 0.008 in the Bessel-Brett system. Our colours and Paper I results in this case do not include the effect of circumstellar dust, to be consistent with the other models displayed. The effect of dust is however completely negligible for the (B-V) colour, and amounting to just a few hundredths of a magnitude for (J-K) and (V-K).
A&A proofs: manuscript no. AGB We start by considering Paper I models. We recall that the differences to our results involve the pre-AGB evolution, taken from independent models, the smoothing of the AGB tracks and their shift in both T eff and luminosity, to match the beginning of the AGB phase to the pre-AGB isochrones. The size of these shifts displayed a strong dependence on mass and metallicity of the models (see Fig. 2 in Paper I). At this metallicity, the maximum shift in T eff is of about ∼700 K at M=1M ⊙ . More typical values for the other masses are of the order of 250 K. As for the luminosity, the shifts are at most ∆(L/L ⊙ ) ∼0.1.
In spite of these differences, both optical (unaffected by the AGB) and near-IR colours show a very good agreement with our results. Clearly the various effects cancel out to provide such a good agreement with fully consistent colours calculated here. The only major differences appear for ages below 100 Myr, before the onset of the AGB phase, our colours being systematically redder. As for the comparison with BaSTI, also in this case the agreement with our results is surprisingly good, even below 100 Myr. There is just a small systematic offset in (J − K), for the age range dominated by the AGB, BaSTI colours being redder by about 0.05-0.10 mag. Notice the moderate red spike of the Marigo et al. (2008) and BaSTI results at log(t)∼9.1-9.2 (more evident in (J − K) and (V − K) for BaSTI models, whereas it does not appear in the (J − K) colours from Marigo et al. 2008) for the reasons discussed in the previous section.
In the case of Maraston (2005) and Marigo et al. (2008) models, Fig. 10 shows a much larger disagreement with our results. Our near-IR colours are systematically bluer between log(t)∼8.3 and log(t)∼9.3 -where the AGB controls the IR luminosity -by up to ∼0.4-0.5 mag in (J −K), and ∼1 mag in (V −K). In the same age range, optical colours display a negligible difference with Marigo et al. (2008) results, whereas Maraston (2005) are still systematically redder, albeit by a smaller amount.
Fluctuations of the RGB integrated luminosity
So far -and we will continue to do so in the rest of the paper -we have focused on the statistical fluctuations of the AGB contribution to integrated magnitudes and colours, but also the contribution of RGB stars can fluctuate statistically when the number of objects is small. This is due to the relatively short evolutionary timescales along the bright part of the RGB, specially close to the tip. To this purpose, we have performed some numerical tests by calculating integrated magnitudes with syn- thetic HRDs also for the RGB part of our isochrones, with the total number of RGB objects predicted by the analytical integration for a fixed age, chemical composition and number of AGB stars. Multiple MC realizations of both RGB and AGB phases have been performed, to study how the fluctuations of the IR integrated magnitudes and colours discussed before are modified by the inclusion of statistical effects along the RGB.
We found that for ages up to log(t)∼9.1 (about 1.2 Gyr) the additional fluctuations are negligible compared to those induced by the AGB, for every cluster mass explored. This is not suprising, given that the contribution of the RGB phase to the integrated magnitudes is negligible in this age range. For ages above this threshold -after the RGB transition -the fluctuations due to RGB and AGB become comparable in size, and therefore the total 1σ fluctuation of the flux will be ∼1.4 times the value due only to the AGB. This roughly corresponds to the case -when only statistical fluctuations due to AGB stars are considered -of decreasing the number of AGB stars by a factor about 3 compared to the actual value. In the next section with comparisons between theoretical predictions and observations, we neglect to account for this additional spread coming from RGB stars when considering ages above log(t)∼9.1, because its inclusion does not affect the overall agreement -or lack of -between theory and observations.
Observational tests
The comparison of Fig. 10 displays appreciable differences of AGB-dominated colours between our calculations and some of the independent results displayed there. These differences result from the underlying models, and not from our new isochrone approach, as was just shown. This provides an additional motivation to address the issue of the consistency of our present calculations with empirical constraints.
We start by comparing the predicted
ratios with the data by Ko et al. (2013) . These authors provided data for about 100 LMC clusters in the age range spanned by our models, and assigned an age to each cluster primarily by means of isochrone fitting. For about 20 clusters they resorted to literature estimates, mainly obtained from integrated colour analysis, and assumed Z = 0.008 for the whole sample. Here we will compare the data with theoretical predictions for Z = 0.008 at ages below log(t)=9.3, Z = 0.004 above log(t)=9.5, and both metallicities for log(t) around 9.3, as discussed in the following comparisons with integrated colours. Figure 11 displays the results for the whole sample divided into three L tot K s ranges. Error bars for individual clusters are also displayed, taken from Ko et al. (2013) . We compared these data with the theoretical predictions from our suite of MC simulations. It is important to notice that the K-band integrated luminosity at fixed number of AGB stars has a strong dependence on the age (at fixed metallicity). In the intermediate luminosity range, we selected simulations with typically 10 AGB stars, that produce integrated K-band luminosities within the selected range (in the theoretical calculations we employed M K s ⊙ =3.27, as in Ko et al. 2013) . For the fainter range we employed also the simulations with 10 AGB objects, that is the lowest number chosen for our simulations, although they provide integrated total luminosities still brighter that the observed one, whilst the two brightest clusters have been compared with the appropriate simulations for 30 AGB stars.
It is very important to notice how the L
values for the faintest sample are scattered almost uniformly over extremely large ranges, essentially as predicted for SSPs with a small number of AGB stars (see previous section). The intermediate luminosity sample, although of a smaller size, starts to display a structure in the L AGB K s /L tot K s -age plane that matches the theoretical predictions. The two most luminous clusters displayed in the top panel, also match very well the theoretical predictions.
To minimize the uncertainties of low-number statistics, we followed the approach by González et al. (2004) , Pessev et al. (2008) , Noël et al. (2013) , Ko et al. (2013) , and constructed artificial superclusters by adding the fluxes of individual, resolved clusters which lie in a sufficiently narrow range of metallicity and age. In general terms, the requirements of this method are obvious: observations and metallicity determinations should best be from a homogeneous set of data, and be analysed consistently, and cluster ages should be reliable. Second, to create a realistic supercluster this way, both metallicity and age range should ideally be very narrow, which tends to clash with the requirement of large AGB star numbers (e.g. several clusters).
We grouped the clusters from the sample by Ko et al. (2013) in 0.3 dex wide age bins (the youngest bin centred at log(t)=7.7), and added up both integrated total flux, and the AGB-only flux of each cluster in a given group, to produce L Noël et al. (2013) (squares with error bars). The horizontal error bars denote the age bins covered by each supercluster. Predictions from models for Z = 0.008 (red dots) and Z = 0.004 (blue three pointed stars) with a number of AGB stars corresponding to total masses a few times 10 5 M ⊙ are shown for comparison to typically 30 objects (still a reasonably low number). The assumption behind the comparison with theory is the following: if theory is in agreement with observations, and each supercluster is the equivalent of one theoretical MC realization with the appropriate number of AGB stars, the observational points (within their horizontal error bars) should overlap with the distribution of theoretical MC simulations at the appropriate age.
It is clear that the data follow very nicely our predictions, and overlap (within the individual error bars) with the distribution of MC results. Even if formally the data display a maximum at log(t)=8.6, whilst the models predict that the mean value of
has a maximum at log(t)=9.08, there is no real contradiction, given that at log(t)∼8.5 the MC simulations predict a range of values that nicely overlap with the observed one.
As a next step we considered comparisons of selected integrated colours with empirical determinations from different sources. We start the comparison with superclusters from Pessev et al. (2008) . The data were from Pessev et al. (2006) for 45 Magellanic Cloud clusters, with an additional 9 clusters taken from the literature; age estimates come from a variety of sources, mainly based (in the age range of our comparisons) on cluster colour-magnitude-diagrams rather than age-sensitive integrated colours. Their own 2MASS IR photometry was matched to optical photometry from other sources. Integrated fluxes were co-added to build several superclusters covering age ranges between log(t)=8.3 and the age of the universe (see Table 5 of that paper), and the weighted mean colours with the corresponding errors are provided. Three of these superclusters lie in the age range spanned by our models. The number of combined clusters (of the order of ∼10 per supercluster) gives typical masses of the order of a few times 10 5 M ⊙ for each supercluster. The mean metallicity of each supercluster equals [Fe/H] = −0.34 for log(t) between 8.3 and 9.0, [Fe/H] = −0.45 for log(t) between 9.0 and 9.3, and [Fe/H] = −0.52 for log(t) between 9.3 and 9.66. Integrated colours vs. age of these superclusters and our corresponding theoretical predictions are displayed in Fig. 13 as open circles. The horizontal error bar correponds to the width of the age bin spanned by each supercluster. The error bar on the mean colours has the same size of the symbols.
A similar cluster sample was also investigated recently by Noël et al. (2013) . They adopted age estimates for the individual clusters often (but not always) different from Pessev et al. (2008) , also taken from a variety of literature sources, mainly from isochrone fitting. These authors also merge clusters into to superclusters, spanning somewhat narrower age ranges. The typical masses estimated by the authors are again of order 10 5 M ⊙ for each supercluster, and we plot their data in Fig. 13 with open squares. The horizontal error bars correspond again to the width of the age bin spanned by each supercluster. As for the error on the colours, the authors provided the V-band luminosityweighted standard deviation of the colours in each bin. This is different (much larger) from the error due just to the uncertainty on the photometry of individual clusters, and we did not display these colour error bars for the reasons we discuss below.
The same Fig. 13 shows also the predictions from our suite of MC calculations for the number of stars that more closely match the mass of the closest supercluster (typically we need the results with 100 AGB stars). To follow the trend of mean supercluster [Fe/H] with age of Pessev et al. (2008) data, we employ the results for Z = 0.008, except for the two oldest ages. At ages around log(t)=9.3 we display results for both Z = 0.008 and Z = 0.004, whereas at the oldest age we show only the Z = 0.004 results. We assume that the trend [Fe/H] vs age for Noël et al. (2013) superclusters is consistent with Pessev et al. (2008) , given that they employ a very similar cluster sample. Using colours in common to two different sets of superclusters from essentially the same cluster sample, that made use of different groupings and age estimates, should give us an idea of the uncertainties involved in the empirical determination of the supercluster colours.
The agreement with theory appears satisfactory in the (J − K s ) colour, for the age range between log(t)∼8.3 and log(t)∼9.0. At younger ages theoretical colours seem to red, whilst they are too blue at older ages compared to Pessev et al. (2008) data. However, the oldest supercluster from Noël et al. (2013) does not show a substantial discrepancy with the models for Z = 0.008. In case of the(V − K s ) colour, only ages above log(t)∼9.0 are matched satisfactorily by the models; at younger ages the models appear systematically too red. Figure 14 displays a comparison of theoretical integrated colours with González et al. (2004) superclusters, in the age range spanned by our calculations. These authors have constructed superclusters from observed 2MASS integrated magnitudes of about 200 Magellanic Cloud clusters for which an s-parameter (Elson & Fall 1985 had been determined. The SWB-class of each supercluster was defined by the value of s, co-adding the individual clusters of each SWB class (Searle et al. 1980) . Finally, ages of the various SWB classes were taken from Cohen (1982) . No age estimates of the individual clusters are provided, and the mass of the superclusters is usually a factor of about ten higher than the superclusters by Noël et al. (2013) and Pessev et al. (2008) .
Also in this case the horizontal error bars shown in the figure corresponds to the width of the age bin spanned by each supercluster. As for the colours, we considered the authors' estimate of the photometric errors (0.03 mag). The theoretical results displayed are from MC calculations with typically 1000 AGB stars (except for the two youngest ages), that approximately match the superclusters' masses quoted by González et al. (2004) . The metallicities of the theoretical results follow the same trend with Fig. 14. As Fig. 13 , but for the superclusters by González et al. (2004) . The meaning of symbols is same as in Fig. 13. age of the previous comparisons (from Pessev et al. 2008, superclusters) , that is consistent with the metallicity ranges assigned by González et al. (2004) to each of their superclusters (following Cohen 1982) .
For these data the agreement with theory is good over the whole age range and the three colour combinations, apart from the supercluster centred around log(t)∼9.3. Notice that at the youngest ages there is no clear discrepancy between models and observations, contrary to what found for Noël et al. (2013) and Pessev et al. (2008) superclusters. On the other hand, for the supercluster at log(t)∼9.3, the observed colours appear redder than theory, especially in the (J − K s ) and (H − K s ) colours. The same discrepancy in (J − K s ) is found in the comparison with Pessev et al. (2008) superclusters, but not with Noël et al. (2013) ones.
It may well be that this situation stems from the effect recently analized in detail by Girardi et al. (2013) . The basic idea is that for ages at which the RGB starts to develop (transition to electron degenerate He-cores), the approximation of constant initial mass for the AGB breaks down (see Girardi et al. 2013 , for a thorough discussion), and the use of our approximation to calculate the AGB evolution underestimates the contribution of these stars to the integrated luminosity by up to a factor ∼2. The narrow age range where this happens is at log(t)∼9.2 in our models, which is within the age interval covered by the discrepant superclusters.
To investigate further this issue, we have considered all objects in the González et al. (2004) supercluster spanning the range log(t)=9.0-9.7. Most of the clusters are in common with Pessev et al. (2008) and Noël et al. (2013) studies, although in these latter works they are grouped into two superclusters rather than one. According to the individual age estimates from these two studies, the majority of the objects have an age log(t)∼9.15-9.3, e.g. around the critical narrow age range where our approximation to calculate integrated colours breaks down. There is therefore a possibility that the discrepancies seen around log(t)∼9.2-9.3 in Figs. 14 and 13 -but that do not show up in Fig. 12 -might be due to the effect discussed by Girardi et al. (2013) , depending on exact value of the cluster ages assigned by the authors, whether clusters around the critical age are grouped into just one superclusters, and the extent of the dilution effect due to objects away from the transition to electron degenerate He-cores that are grouped in the same supercluster.
Conclusions
Star clusters in the Magellanic Clouds are of special interest as they cover an age range in which stars of low-and intermediate mass develop into double-shell burning objects, populating the AGB, and can be massive enough to host at least a few AGB stars. Such clusters therefore serve as template and calibration objects for population synthesis aimed at understanding the star formation history of distant galaxies during the last few hundred million to a few billion years. Observations, such as those shown in Fig. 11 , however, display a large variation of integrated IR colours for clusters of presumably very similar age and composition. It is therefore unclear to what accuracy theoretical population synthesis models could be calibrated or verified against such variations.
It was recognized early-on (Chiosi et al. 1988; Frogel et al. 1990 ) that the low number of AGB stars in individual clusters results in statistical fluctuations of the AGB integrated luminosity that, given the important contribution of late-type luminous stars to the integrated IR-light, explains the variation of IR integrated colours. In this paper we have presented new theoretical predictions of near-IR colours of intermediate-age populations, and tested them against data about clusters in the LMC and SMC, taking into account their low number of AGB-stars.
Our predictions rest on the new WF09 fully evolutionary AGB stellar models for stars of low and intermediate mass, and a detailed treatment of the effect of their surrounding dust shells, to achieve the most realistic description of their stellar energy distribution. In Paper I we have already introduced the new AGB models and the treatment of the dusty envelope, and applied it to observations of galaxies. In that paper, however, WF09 AGB tracks were smoothed out (to calculate AGB isochrones) and shifted in both luminosity and T eff to match an independent set of isochrones that model the pre-AGB evolution. Here we employ the full evolution until the end of the TP-AGB phase from WF09 calculations.
One new aspect of our predictions is the treatment of the TP-AGB phase in the construction of isochrones (Sect. 2.3). We have used a MC scheme to populate what we call an evolutionary HRD with a given number of AGB stars, comparable to that of observed clusters, and combine it with a standard isochrone for earlier evolutionary phases. This way we have been able to take into account all temperature and luminosity variations that occur during the TP-AGB cycles as well as the statistical fluctuations due to finite star numbers. Our results, presented in Sect. 3, quantitatively demonstrate the possible range of both IR colours (we consider (V − K s ) in Fig. 7 ) and the contribution of AGB stars to the integrated K s -luminosity (Fig. 5) , how they approach a mean value for large (∼ 1000) numbers of AGB stars, and how they distribute almost uniformly over a wide range for low numbers (the case of 10 AGB stars). In (V − K s ) the colour of any cluster can vary by as much as ±0.37 mag (1σ; Table 3 ). Our models cover in fact a range up to ∼1.2 mag for ages close to 1 Gyr, when AGB stars are most dominant. We have also shown that the luminosity and T eff variations during the TP-AGB cycles do not contribute significantly to the total statistical fluctuations of the AGB integrated light, such that interpolations amongst smoothed AGB-tracks as in Paper I, can also be used, when carefully constructed. They allow construction of conventional isochrones for any desired age, while our -in principlemore accurate method is restricted by default to the ages of the A&A proofs: manuscript no. AGB available stellar model tracks. We have then extended our analysis to investigate the additional contribution of the fluctuations of the RGB integrated luminosity for poorly populated clusters. We found that, as expected, the RGB contribution is negligible for ages below log(t)∼=9.1 (ages younger than the transition to electron degenerate He-cores), while it becomes comparable to the AGB fluctuations at older ages.
In terms of consequences for population synthesis of younger stellar clusters, e.g. in star forming regions of distant galaxies, our results imply that for any given age in the range between ∼0.1 and ∼1 Gyr, infrared colours may vary -due to statistical fluctuations in the number of AGB stars-to an extent that the cluster age cannot be determined more accurately than a factor ∼10. This is already implied by the observational data used in this paper, but substantiated now by our theoretical models.
We have taken into account these AGB statistical fluctuations to compare our predictions with empirical data on Magellanic Cloud clusters, the standard bench tests of near-IR population synthesis models. Ko et al. (2013) shows very good agreement in general: when considering the appropriate number of AGB stars, the statistical scatter of our predictions covers the observed distribution, and the variation of K s -band luminosity with age for stacked clusters (or supercluster) also agrees very well with their data (Figs. 11 and 12 ).
When considering integrated near-IR colours, the level of agreement with empirical data for several samples of superclusters (Noël et al. 2013; Pessev et al. 2008; González et al. 2004) depends somehow on the selected colour, but also on the sample. Clearly, the construction of superclusters as well as the individual observations themselves, are sometimes not consistent. These discrepancies need clarification, and should be a warning to population synthesis models that require calibration with such observed superclusters. In general, our predictions pass the observational tests well, and can also be properly applied to study individual clusters hosting a low number of AGB stars.
A comparison with integrated colours from other population synthesis models, including the results of Paper I, reveals significant discrepancies with results from Marigo et al. (2008) and Maraston (2005) . Noël et al. (2013) have already discussed how these models disagree (they are generally too red) with the integrated colours of their superclusters for ages between ∼ 10 8 and ∼ 10 9 years. The agreement with the model of Paper I and with the BaSTI-model by Cordier et al. (2007) is, in contrast, excellent.
In summary, we have presented a statistical approach to model integrated colours of intermediate-age populations with a small number of stars that makes use of new state-of-the-art stellar evolution models, the effect of dusty envelopes, quantifies statistical fluctuations and matches well observations of individual Magellanic Cloud clusters as well as artificial superclusters. The predictive power of theoretical models, which are not calibrated beforehand on a specific set of observations -this calibration being difficult because of the statistical effects-should be sufficient for wider applications.
